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Abstract. Motivated by the cohomology theory of loop spaces we consider a 
concept of a special class of higher order homotopy commutative differential 
graded algebras. For such an algebra, A, the so-called filtered Hirsch model 
is constructed. For A over the integers, we show that for any a £ H(A) 
with a 2 = the symmetric Massey products (a) n ,n > 3 (whenever defined) 
have a finite order that immediately implies their annihilation for a field of 
characteristic zero. For an odd dimensional a and p an odd prime, the Kraines 
formula {a)P = -pVi{a) is lifted to H*(A g) Z p ). 



1. Introduction 

We investigate a special class of homotopy commutative algebras, the so-called 
Hirsch algebras (P~5]). In the case a Hirsch algebra componentwise agrees with a 
homotopy G-algebra (hga) it may differ from it by the pre- Jacobi axiom [B] , [7] , [2] , 
[26] : in other words, we do not require the induced product on the bar construction 
to be associative necessarily. The loop space cohomology theory suggests such a 
choice: In general, given a space, it is impossible to construct a small model for 
the loop space in the category of hga's. The investigation mentioned above relies 
on the perturbation theory that extends such a theory already well developed for 
differential graded modules, differential graded algebras (dga's), etc. [2J, [5], [T2"] . 
[10] . [21] . A difficulty for developing a theory of homological algebra for Hirsch 
algebras is that the Steenrod cochain product a 6 does not lift automatically 
on the cohomology level, since it is not a cocycle even for cocycles a and b. We 
introduce here filtered Hirsch algebras for controlling the above difficulties. Such 
objects can be thought of as a specialization of distinguished resolutions in the sense 
of [9] (see also [13]). On the other hand, the filtered Hirsch model (RH, d + h) of a 
Hirsch algebra A is itself a Hirsch algebra with structural operations E p q : RH® P <g> 
RH® q — ► RH being formally determined only by the commutative graded algebra 
(cga) structure of H = H(A, d^); furthermore, the perturbation h : RH — » RH of 
the resolution differential d appears by means of the Hirsch algebra structure on A 
(Theorem[TJ. So that, ignoring the operations E p<g , we simply get that (RH, d) — > 
(H , 0) is a multiplicative resolution of the cga H (thought of as a non-commutative 
version of the Tate-Jozefiak resolution of a cga) and (RH, d + h) — » (A, d^) is the 
filtered model of the dga A [21] ; in the category of edga's over a field of characteristic 
zero such a filtered model was constructed in [10] . 



2000 Mathematics Subject Classification. Primary 55P35, 55S30; Secondary 55S05, 55U20. 

Key words and phrases. Hirsch algebra, filtered model, multiplicative resolution, symmetric 
Massey product, Steenrod operation. 

This research described in this publication was made possible in part by the grant 
GNF/ST06/3-007 of the Georgian National Science Foundation. 



2 



SAMSON SANEBLIDZE 



We also introduce the notion of a quasi-homotopy commutative Hirsch algebra 
(qha) . A reason is that a Hirsch resolution automatically admits a binary operation 
U2 like Steenrod's ^2 -cochain product up to action of the differential on a diagonal 
pair of variables. The notion of a qha just involves this difference to describe 
canonically certain syzygies in a Hirsch resolution in particular. On the other hand, 
in general to construct a qha model for a space is obstructive, since a non-free action 
of the Steenrod cohomology operation Sqi on the cohomology in question. 

Obviously a cdga H can be trivially considered as a Hirsch algebra, i.e., when 
all operations E p ^ qi p, q > 1, on H are assumed to be identically zero; however, we 
give examples of commutative algebras thought of as the cohomology ones on which 
there exists a non-trivial Hirsch algebra structure purely determined by Sq±. 

For a Hirsch algebra A over the integers, we establish certain formulas relating 
the structural operations E p>q with some syzygies in (RH, d) arising from a single 
element a 6 H(A) with a 2 — 0. Whence the n-fold symmetric Massey product 
(a)",n > 3, is defined ([H], [17]; as a single class of H{A) in our case), these 
formulas in particular imply that it has a finite order; consequently, (a)™, n > 3, 
vanish for A over a field of characteristic zero. Furthermore, for a qha A over the 
integers we obtain a formula of the same form as in [18j : 

-pTi{a) = (a) p , a e H 2m+1 (A <g Zp), 

this time Vi : H 2m+1 (A ® Z p ) -» E 2mp+1 (A <g> Z p ) is a cohomology operation 
canonically determined by the iteration of the 'i-product on A ® Z p and (3 is 
the Bockstein operator (dually, see [17] in which case for A to be the singular 
chains of a third loop space, V\ can be identified with the Dyer-Lashof operation). 
Finally, for a space X — BF4, the classifying space of the exceptional group F4, 
some perturbations in the filtered model of X are explicitly pointed out enough to 
recover the above equality on H*(X; Z3). 

Some applications of the filtered Hirsch algebras an earlier version of the paper 
was dealing with now are considered in [23], [24] (see also [22]). 

2. The category of Hirsch algebras 

We denote by k a commutative ring with 1; the special cases we essentially apply 
are the integers Z and the finite fields Z p = Z/pZ for p prime. Graded modules A* 
over k (non-negatively or non-positively) are assumed to be connected, A° = k. A 
non-negatively graded, connected module A is 1-reduced if A 1 = 0. 

For a module A, let T(A) be the tensor module of A, i.e., T(A) = 0~ A®\ 
An element a\ ® ... <g>a„ € A® n is denoted by [ai\ ■ ■ ■ \a n ] or by a\ ■ ■ ■ a n when T{A) 
is viewed as the tensor coalgebra or the tensor algebra respectively. We denote by 
s~ 1 A the desuspension of A, i.e., (s~ 1 A) z = A l+1 . 

Let (A,dA,ft) be a 1-reduced differential graded algebra (dga). The (reduced) 
bar construction BA on A is the tensor coalgebra T(A), A = s _1 (yl >0 ), with 
differential d = d\ + di given for \a\ \ ■ ■ ■ \a n ] £ T n {A) by 

n 

di[ai| • ■ ■ \a n ] = -^(-l)^- 1 ^! ■ • • |gUK)| ■ • ■ |a„], 

i=l 

and 

d.2[ai\ ■ ■ ■ |a„] = - 2j(-l) s *[ai| • • ■ la^H-il ■ ' • \an], 
1=1 
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where a = \a\ \ + • ■ ■ + \ai\ + i. 

Recall the definition of a Hirsch algebra [15] (compare [25] . [14]). Let A be a 
dga and consider the dg module (Hom(BA <S> BA, A), V) with differential V. The 
^-product induces a dga structure on it (the tensor product BA £g> BA is a dgc 
with the standard coalgebra structure) . 

Definition 1. A Hirsch algebra is a 1-reduced associative dga A equipped with 
multilinear maps 

E p . q :A® p ®A^^A,p,q>Q,p + q> 0, 
satisfying the following conditions: 

(i) E Pt q is of degree 1 — p — q; 

(ii) Ei t Q — Id — £? ,i and E p> i fi = = E , q >i] 

(iii) The homomorphism E : BA ® BA — » A defined by 

E([ai\ ■ ■ ■ | Op] <g> [6x | • • • |&q]) = E p>q (ai, ...,a p ; bi, ...,b q ) 

is a twisting cochain in the dga (Hom(BAig>BA 1 A),X7,-—'), i.e., it satisfies 
the equality \7E = —E ^ E. 
A morphism / : A — > B between two Hirsch algebras is a dga map f commuting 
with all E p>q . 

Condition (iii) implies that fig : BA® BA — > BA is a chain map; thus BA becomes 
a dg Hopf algebra with not necessarily associative multiplication p,E (compare [7], 
[26] . [4], [16], [20]); by this, M Elo+Eoi coincides with the shuffle product on BA. It 
is useful to write the above equality for E componentwise: 

(2.1) dE Pjq (a 1 ,...,a p ',b 1 ,...,b q ) = ^ (- l Y l ~ lE P,q( a ii ■■■> da i> a p ; bi, b q ) 

l<i<p 

+ (-lf p+eb >- 1 Ep, q (a 1 ,...,a p ;b 1 ,...,db J ,...,b q ) 

i<i<9 

+ (— l) e * E p -i ;g (ai, ...,OiOi+i, a p ; bi, b q ) 

l<i<p 

+ ^2 i- 1 ) 6 *^ E P,Q-l( a l> ~ , a p'M,— ,bjb j+ i,... ,b q ) 
l<j<q 

— (— iy'- 3 Ei j(ai, af, bi, bj) ■ E p ^ iq _,j(a i+ i, a p ; bj+i, b q ), 
a<i<p 

0<3<q 

ef = |xi|H \-\xi\+i, 

e itj = et(e b j + l) + (e; + l)e b j . 
In particular, the operation E\.\ satisfies conditions similar to Steenrod's cochain 
^i-product: 

dE hl {a;b) - E hl (da;b) + (-l) |a| £ M (a; d&) = (-l) |a| a6 - (-l) |a|(|fc|+1) 6a, 

so it measures the non-commutativity of the • product on A. Thus, a Hirsch algebra 
with E p .q = for p, q > 1 is just a commutative differential graded algebra (edga). 
The following two special cases are also important for us, so that we write them 
explicitly. Since the above formula we use below the notation a •—'i b = Ei t i(a; b) 
interchangeably. 
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The Hirsch formulas up to homotopy: 

dE 2A (a, b; c) = E 2A (da, b; c) - (-l)^E 2A {a, db; c) + {-l)\ a ^E 3 ,i(a, b; dc)- 
(-l) |a| (a&) c+(-l) |a|+|b|+|b||c| (a- 1 c)6+(-l)l Q la(6- 1 c) 

and 

dE h2 (a; b, c) = E h2 (da; b, c) - (-l)H# 12 ( a; db, c) - (-l^l+l^ ^. 6j dc ) + 
(-l) |a|+|b| a (be) - (-l) |a|+|b| (a b)c- (-l) |a|(|6| - x) 6(a c) 

that means that the deviations of the binary operation from the right and left 
derivation with respect to the • product are measured by the operations of three 
variables £2,1 and E\_ 2 respectively. 

Definition 2. A quasi-homotopy commutative Hirsch algebra (qha) is a Hirsch al- 
gebra A equipped with a binary product U 2 : A ® A — > A such that 

(2.2) d(a U 2 b) = da U 2 b + (-l)^a U 2 db + (-l)^a — 1 b + (-l^M+Wlj ^ a 

- q{a;b), 

where q(a; b) satisfies: 
(2.2)i Leibnitz rule. dq(a;b) = q(da;b) + (-l)l a lg(a; db) 
(2.2) 2 Acyclicity. [q(a, b)] = G H(A, d) for da = db = 0. 

Note that discarding the parameter q(a; b) the above formula just becomes the 
Steenrod formula for the ^2 -cochain product: 

(2.3) d(a - 2 b) = da -~- 2 6+(-l)l a l a - 2 d6+(-l) |a| a -1 b+(-l)^ +1 ^b -1 a. 

However, q(— ; — ) may be non-zero when passing to models constructed by means 
of the cohomology below. First consider the following 

Example 1. For topological spaces X, main examples of Hirsch algebras provide 
the cubical or simplicial cochain complexes |15j . [14] . [16j . Note that in the last case 
one can choose E p ^ q = for q > 2, to obtain a homotopy G-algebra (hga) structure 
on the simplicial cochains C*(X) pQ (see also [14] ). In particular, the product he 
on BC*(X) is geometric, i.e., gives the multiplicative structure of the loop space 
cohomology H*(VLX); here the cochain complex C*(X) of a space X is 1-reduced, 
since by definition C*(X) = C*(Sing 1 X)/C >0 (Sing x), in which Sing 1 ^ C SingX 
is the Eilenberg 1-subcomplex generated by the singular simplices that send the 1- 
skeleton of the standard n-simplex A" to the base point x of X. These Hirsch 
algebras are also qha's by setting U 2 =~-^ 2 and q(—; — ) = 0. 

Example 2. Let (H,d — 0) be a free cga generated by a graded set V* . Then 
any map of sets E v q : V xp x V xq — > H of degree 1 — p — q extends to a Hirsch 
algebra structure E Ptq : H® p (g) H® q — > H on H*. Indeed, using formula <\2.1\ the 
construction goes by induction on the sum p + q. In particular, if only E\^\ is non- 
zero then the image of E VA for p,q > 1 is into the submodule of H spanned on the 
monomials of the form Ei 1(01; &i) • ■ ■ £i,i(afc; b^) ■ x for a^, 6j G V, x 6 H, k > 1. 

Example 3. The argument of the previous example suggests how to lift a Hirsch 
Z 2 -algebra structure from the cochain level to the cohomology one. Given a Hirsch 
algebra A and a cocycle a £ A, one has dAEi t i(a,a) — and denote Sqia = 
[£1,1(0, a)] 6 H = H*(A). A trick here is to convert the Hirsch formulas up to 
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homotopy on A to the Cartan formula Sq\[ab) = Sqia - Sqob + Sqoa- Sq\b on H. 
Namely, given a set of multiplicative generators U C H, define first the map Sq 1 1 : 
UxU^Hby 



Sq 11 (a;b) 



Sqia, if a = b, a £ 1A, 
0, otherwise 



and extend it to the operation Sq± t i : H (£> H — > H as a (both side) derivation with 
respect to the ■ product, while to Sq Piq : H® v ® H® q — ► H for p,q > 1 by means 
of h2.1}) (this time E PtQ is denoted by Sq p , q ); in particular, Sg^i (it; u) = Sq\u for 
all u G H. However, such an extension maybe incorrect in general, since the non- 
freeness of the multiplicative structure on H. Note that, for the following cases the 
above procedure actually gives the Hirsch algebra structure Sq Piq on the cohomology 
algebra H : 

(i) The algebra H has trivial multiplication (e.g. the cohomology of a suspen- 
sion). 

(ii) The algebra H is polynomial. 

(Hi) The algebra H has the property that for each relation of the form a ■ b = 0, 
one has Sqia ■ b = = Sqia ■ Sqib for a.b 6 H. 

Obviously we have the following proposition: 

Proposition 1. A morphism f : A — > A' of Hirsch algebras induces a Hopf dga 
map of the bar constructions 

Bf : BA — > BA' 

being a homology isomorphism, if f does and the modules A, A' are h-free. 

In particular, this proposition is helpful to apply special models for a Hirsch al- 
gebra A for calculating the cohomology algebra H*(BA)(= Tor A (k, k)), and, con- 
sequently, the loop space cohomology H*(flX;k) when A = C*(X;k), the cochain 
complex of a topological space X with coefficients in k (see, for example, [23] ). 

Given a Hirsch algebra A, here we construct its model starting with the coho- 
mology H — H(A). By this note that we assume no Hirsch algebra higher order 
operations E p ^ q on H, unless its commutativity. Nevertheless one can build a spe- 
cial multiplicative resolution (RH, d) of H endowed with Hirsch algebra operations 
E p>q and then at the cost of the perturbed resolution differential dh to obtain a 
Hirsch algebra model (RH,dh) of A as desired. 

2.1. Hirsch resolution. First recall that given a graded algebra H*, its multi- 
plicative resolution (R*H*,d) is a bigraded tensor algebra T{V) generated by a 
bigraded free k-module 

V = Q)V- j ' m , V~ j ' m C R- j H m , j,m>0, 

where d is of bidegree (1,0), together with a map of bigraded algebras p : (RH, d) — » 
H inducing an isomorphism p* : H*(RH,d) ^ H* (H* is bigraded via H '* — 
H*,H <0 '* — and the total degree of R~^H m is the sum —j + m) [21 (compare 

DUI, G2D- 

Next we give the following 
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Definition 3. Given a cga if* , its Hirsch resolution is a multiplicative resolution 

p : if* if* -> if*, RH = T{V), V = (V), 

endowed with the Hirsch algebra structural operations 

E p , q : RH® P <g> RH m -> V C RH 

such that V is decomposed as V*'* — £*•* {/*'* in which £*'* — {£ p q'*} is distin- 
guished by an isomorphism of modules 

E P , q : ® p r=1 R lr H K (g) ® q n=1 W"H l " S^* 1 • 1 C V*'* 

With (s, t) = EJLi i r + ELl in , Er=l fc r + ELl ^n) P, Q > 1- 

Proposition 2. ^4n?/ cga if* /ias a Hirsch resolution p : R*H* — > if*. 

Proof. We build a Hirsch resolution of if* by induction on the resolution degree. 
Choose a set of multiplicative generators V '* of if*, span on it the free k-module 
V°>* = (V -*) and take the free (tensor) graded algebra R°H* = T(V°'*). Obviously, 
we get an epimorphism p° : R°H* — > if*. Assume by induction that we have con- 
structed i?(-")ff * = T(V°>*(B- ■ -®V~ n '*), n > 0, with a dga map : R^H* -> 
if* such that V"-™>* = £""'* © f/-"'*, £-">* = {f-"'*}„>o with spanned 
on the set of (formal) expressions E Ptq (ax, a p ; b%, a r e R~ tr H*, b m £ 
ff-^ff*, n = Er=i V + EJUiJtn. ^ and d : -» is a 

differential satisfying (|2.1[) on and acyclic in resolution degrees — i, < 

i < n. Then set V^"" 1 '* = f-"" 1 .* © where f-"" 1 '* = {f^ 1 '*} with 

£~™ _1 '* spanned on the set of expressions E Piq (ax, a p ; &i, a r e i?~ lr if*, 
6 m 6 R^ ]m H*, n + 1 = ELi *r + Em=ii m i - Define differential d on 
by formula (|2.ip . while, as usual, appears as the domain of 

d : U~ n ~ x '* — » ff( _n )ff* to achieve the acyclicity in the resolution degree — n. Then 
put p n+1 (R^ n ~ 1 H*) = and p^ 1 ) = p( n ' to complete the inductive step. 

Set R*H* = ® n R- n H* with V*'* = (V*'*), £*<* = 8„£~ n '*, U*'* = ® n U~ n '*, 
plflojy. = p° and pIr-^h* = for n > to obtain a resolution map p : RH — > if 
as desired. □ 

Given an arbitrary triple (a; b; c) = (ax, ; &i, 6^ ; ci, c r ), denote 
K fcAr ((a;b);c) = (-l) e £ , p ^(£' fcl/l (ai, ...,a fcl ;&i, ...,6^), 

fclH hfcp — k 

ll + -"+lp=t 
l<p<k+£ 

— ,Ek p: e p (a k - kp+1 , ...,a k ;b e _ ep+1 , ...,b p ) ;ci, ...,c r ) 

and 

ftfc,v( a i (b; c)) = ^ (-l) 5 i? fe! g(ai, a k ; E^ uri (bi, ...,6^;ci, c ri ), 



ri + ---+r 4 =r 
l<g<f+r 



—>Ee q ,r q (b e . +1 , ...,^;c r _ +1 , ...,c g )), 



where the signs e and 5 are caused by permutations of symbols ai,bj,Ck as in 
[2T>] . For example, the expression TZk,i,r{^', (b; c)) — 7?,fe^ ir ((a; b); c) is a cocycle 
in [/ 1 - fe - £ -' r ! * f or the variables from i?°if, and then it should be killed by some 
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multiplicative generator from U k r '*. However, for the sake of minimality, by 
constructing RH one could set the equality 

Tl k ,e, r ((a.\ b); c) = TZ k ,e,r(a; O; c)) 

and such a resolution is referred to as a Hirsch ^-resolution. On the other hand, the 
above equality is equivalent the product to be associative on the bar construction 
B(RH) (compare [26 ). In particular, we get 

(2.4) E ia (a; fe, c) + (-l)^^^^^; c, fe) + a (b ^ c) 

= (a b)~ lC - E 2<1 (a, fe; c) - (-1)(I Q I+ 1 )(I 6 I+ 1 ) J E 2)1 (6, a; c). 

A Hirsch resolution in fact admits a qha structure. Such a structure helps to 
construct minimal Hirsch resolutions in particular. We first consider the case of 
k = Z, and then consider the case of k with nk = 0, n > 2. 

Indeed, since the expression a ^i b ± b a G is a cocycle in (RH, d) for 

a, b G V '*, it should be killed by some multiplicative generator from V~ 2 '*; denote 
it by a U2 b to obtain the equality 

(-l)Ha —1 b + (-l)(M+i)H6 if a ^ fe 

(2.5) d(a U2 6) = ^ a ^1 a, if a = 6, |a| is even 
0, otherwise. 



Thus, the deviation of the above equality from (12. 2ft is measured by the parameter 
q(a; a) = a ^1 a for \a\ even. 

In order to define the operation U2 on the whole RH, it is convenient to do this 
by means of the operation —2 on RH satisfying (|2.3[) . Namely these operations are 
in fact introduced simultaneously by induction on the resolution degree satisfying 
the following formulas: 

2a L>2 a, if a = b, \a\ is even, a G V '*, 

(2.6) fl w 2 (, = | 0, if a = b, \a\ is odd, a G V, 

aU 2 b, if a ^b, a,beV°>*, 

(2.7) a w 2 fee = ( a ^ 2 6)c + (-l)l a H b lfe(a - 2 c) 

+ (-l)' 6 ISi l3 (o ; b, c) - (-ly-KW+MHM^^ c ; a), 

fe G V, a, c G RH, 

(2.8) a ^2 E Pi q(bi, 6 p ; fe p +i, fep+ g ) 

P+g 

= ^^(~l)' a ' Ci_1 -E'p,g(&l: •••) &i— 1) a ^2 &i> ^p i ^p+l, ■••! &p+g): 

t=l 

a, 6, c G 

(2.9) fee — 2 a = (-l) |a||bc| a — 2 6c + fee U 3 da, beV, a,ce RH, 
where 

r (-1)I&I+I-I( J E7 2 2 ( U , «; fe, c)-£ 2 , 2 (6, c; «, u )) + (-l)(l"l+kl)(l«l+D 
6cU 3 z= -((-1)H(6^ 2 u )(v -1 C ) + (-l)(l c l +1 )l"l(fe-i u)(cw 2 
L0, 2 G or z = be, \z\ is even, 
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(2.10) a — 2 6 = (-l) |a||b| 6— 2 a + daU 4 dfo, a £ V, b € U, 

where 

(_l)(M+|y|)(M+i)+(M+i)M( x _ 2U )(y_ 2i; ) ; Zl =xy,z 2 =uv, 
0, € V, some i, or zi = 212, is odd, 



Zl U4 z 2 = 



(2.11) a- 2 (d-2c) = (a- 2 !')-2 c, a,b,c€V\£, 

(2.12) ai^2-" w 2an=«i!"' n k \(ai U 2 ■ ■ • U 2 a n ), a,e V\£, n>2, 

ai U 2 • • • U 2 a n , ai ^2 • ■ ■ w 2 On G f/j 

where each ni is the maximal number of the same generators of even degree among 
&i G V, 1 < i < n, so that the expression d{a\ ^2 ■ ■ ■ ^2 «n) is formally divisible 
by n± \ ■ ■ -n^!. In particular, when all a^ are different to each other one gets the 
equality a\ -~- 2 ■ ■ • ^2 a n = a\ U 2 ■ ■ • U 2 a n . 

Finally, for any a, b G define a U2 6 G by 

(2.13) d(aU 2 6) = -d(a — 2 6) 

n 

where n > 1 is the maximal integer that divides d(a -2 6); for n. = 1, let a U2 6 = 
a - 2 b. 

For example, given a, b G da = db = 0, with a|, |6| even, apply (|2.7[) - 
(|2.1ip together with (|2.ip to check that the expression a6 -2 a& — dE 2} 2(a, b;a,b) + 
(— l)l°ll fc l(a a)(b b) is formally divisible by 2 and then one can set 

abU 2 ah = \ ( a& ^2 ab - dE 2 . 2 (a,b;a,b) + (-l) |a||b| (a —1 a)(b —1 bfj . 

Also ab U2 ab can be chosen to be zero for |a|, |6| odd and da = db = 0, though 
ab -—-2 ab 7^ 0. 

Furthermore, for a, G RH with dat — we have 

d(a\ U2 • • • U2 a n ) 

= ^(-l)KI+-+KI( ail U2---U 2 a 4fc ) -r (a J1 U 2 ---U 2 a,J, 
(i;j) 

where the summation is over unshuffles (i;j) = (i\ < ■ ■ ■ < ik',ji < ••■ < it) of R 
with (aj x , ai k ) = (a^ , ) if and only if i = i' and a, G V '* (see also Fig. 1 
for n = 3). In particular, for ai = • • • = a„ = a = a U21 we get 

da U2 " = £ a U2fe a u ^, k,£ > 1. 

Now let rtk = for some n > 2. Let rt > 2. Then U2 is introduced on again 
by means of formulas (|2.6p - (|2.13[) only with a remark that (|2.12[) is valid when the 
left hand side is non-zero, while the right hand side is always non-trivially defined. 
When n = 2, U2 is defined on V by 



d(a U 2 6) 



da U 2 b + a U2 db + a ^1 6 + 6 '1 a, a 7^ 6, a, 6 G V, 
a U2 da + a ^1 a a — b, a G V \ £, 



and extended on by replacing ^2 by U2 in (|2.8p ^ (|2.1ip , while (|2.7p is replaced 

by 

a U2 be — (a ^2 b)c + b(a —2 c) + £1,2 (a ; 6, c) + E 2 ,i(b, c ; a), 6 G V, a, c G i?id, 
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with a convention 

f u U2 v, u / v, u, v G V, 
\ 0, it = v, u G V. 

For example, we obtain for a G V '* the following mod 2 equalities: a 2 U2 a = 
aU2 a 2 = E\2{a; a, a) + E21 (a, a; a) and (a ^1 a) U2 a — aU2 (a ^1 a) — (aU2 a) ^1 
a + a -—-i (a U2 a). 

Define a submodule T C U as 

T = (01 U 2 a 2 U 2 • •• U 2 an I a,- e V \ S , n > 2). 
Then fix a decomposition 

K = £ © Z7 = £ © T © 

in which, whence TV is chosen, the summand £ © T is canonically determined. 
A Hirsch resolution (RH, d) is minimal if 

d(l7) c£ + £> + /i-V, 

where 2?*'* C R*H* denotes the submodule of decomposables RH + ■ RH + and 
/i G k is non-invertible; in particular, fi =/= ±1 for k = Z and fi — for k a field. 

For example, the minimal Hirsch resolution for a polynomial algebra is com- 
pletely determined by the ^1- and ^-operations [23] . 

Note that a minimal Hirsch resolution is not minimal in the category of dga's, 
i.e., the resolution differential to be sending the multiplicative generators into T>, 
even for k a field. 



c(a^ife) (6^ic)a 




(aU2&) w lc 



Figure 1. Geometrical interpretation of some canonical syzygies in the Hirsch 

resolution RH. 



10 



SAMSON SANEBLIDZE 



Note that in the above figure the symbol " =" assumes equality (|2.4j) ; the picture 
for a L>2 b U2 c is in fact 4-dimensional and must be understood as follows: Whence 
a U2 b corresponds to the 2-ball, the boundary of a U2 b U2 c consists of six 3-balls 
each of them is subdivided into four cells by fixing two equators (these cells just 
correspond to the four summand components of the differential evaluated on the 
compositions of the -—-1- and U2-products), and then, given a 3-ball, two cells from 
these four cells is glued to the ones of the boundary of the (diagonally) opposite 
3-ball, while the other cells to the ones of the boundaries of the neighboring 3-balls 
according to the relation 

X (y ^ x Z ) + (l -1 I/) -!Z = J —1 (x —1 z) + (y —1 x) —1 z. 

2.2. Filtered Hirsch model. Recall that a dga (A*,d) is multialgebra if it is 
bigraded A n = ® n=l+i A^ ,i < 0, j > 0, and d = d° + d 1 + ■ ■ ■ + d n + ■ ■ ■ with 
(jn . j^>,q _,. j^p+n,q-n+i JYT] . Given a dga A, we consider it as bigraded via 
A -* = A* and A 1 '* = for i ^ 0; consequently, it becomes a multialgebra. 

A multialgebra A is called homological if d° = and H l (A 1 -* , d 1 ) = 0, i < 0. For 
a homological multialgebra the sum d 2 + d 3 + ■ ■ ■ + d n + ■ ■ ■ is called a perturbation 
of dr. In the sequel we always consider homological multialgebras in which case 
denote d 1 by d, d r by h r and the sum h 2 + h 3 + ■ ■ ■ + h n + ■ ■ ■ by h. A multialgebra 
is free if it is the tensor algebra over a bigraded k-module. Given r > 2, the map 
h r \ji-r,t : A~ r '* — > A '* is referred to as the transgressive component of h and is 
denoted by h tr . A multialgebra A with a Hirsch algebra structure 

E p , q : Ci^'* r (8)Ci^ A ^ A s- P - q +i,t 
with (s, t) = (J2r=i V + En=i in , Er=i k r + ELi ^) > P, 3 > 1, is called ffirsc/i 

Definition 4. ^4 free Hirsch homological multialgebra (A, E Ptq , d + h) is filtered 
Hirsch algebra if it has the following additional properties: 
(i) In A = T(V) a decomposition 

is fixed where £*'* = {£pq*}p,q>l distinguished by an isomorphism of modules 

E M : A® p ® A® 9 £ P:g c V, p, <? > 1; 

T/ie restriction of the perturbation h to £ has no transgressive components h tr , 
i.e., h tr \ £ =0. 

Given a Hirsch algebra B, its filtered Hirsch model is a filtered Hirsch algebra 
A together with a Hirsch algebra map A — > B that induces an isomorphism on 
cohomology. 

A multialgebra morphism £ : A — > _B between two multialgebras A and _B is 
a dga map of total degree zero that preserves the column (resolution) filtration, 

so that C has the components ( = C° -i + C H , C* : ^ s '* ~> " '• 

A homotopy between two morphisms f,g:A—>Boi multialgebras is an (/, g)- 
derivation homotopy s : A — > B of total degree — I that lowers the column filtration 
by l. 

A homotopy between two morphisms /, g : A — * A 1 of Hirsch (multi) algebras is 
a homotopy s : A — > A' of underlying (multi) algebras and 
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s(E Pi q(ai, a p ; 61, b q )) 

= Ei<£< g (- 1 )^ +e ^ 1 ^p,g(/' a i >•••, fa p ; fh,-,fh-i,sb t , gb l+1 ,.. n gb q ) 
+ Ei<k p (- 1 ) £ ' _i£ p,9(/ (I i. -,fak-i,sa k ,ga k+ i, ...,ga p ;gbi, ...,gb q ) 

- E i<»<?) (-iy w Ei,j(fai> f a i ; /&i> •••) fh-i>sbt, gh+i, ...,gbj) 
(2.14) i<e<3<q 

■ E p -i jq -j(fa,i + i, /ap_i, sa p ; gb J+ \, ■■■,gb q ) 

- Eo< l <fe< P (-l) e "' c E tJ (fa 1 , fai ; sb x ,gb 2 , -,gbj) 

l<j<q 

■ Ep-i tq -j(fai + i, fa k -i,sak, gau+i, ■ ga p ; gbj + \,..,gb q ), 
= + 4-i + (<$ + e?)e$, p, g > 1, 

in which the first equality is 

s(a^i b) = (-l)l°l +1 /a— 1 sfr + sa-x .gfe - (-l) (|a|+1)(|b|+1) s6 • sa. 

Denote the homotopy classes of morphisms between two Hirsch (multi) algebras 
by [—,—]• A basic property of filtered Hirsch algebras is exhibited by the following 
Adams-Hilton type statement. 

Proposition 3. Let £ : B — > C be a map of (filtered) Hirsch algebras that induces 
an isomorphism on cohomology. Then for a filtered Hirsch algebra A, there is a 
bijection on the sets of homotopy classes of (filtered) Hirsch algebra maps 

C # : [A, B] [A, C] . 

Proof. Discarding the Hirsch algebra structures the proof goes by induction on the 
column grading and is similar to that of Theorem 2.5 in [11]. The Hirsch algebra 
structure only specifies a choice of a homotopy s on the multiplicative generators 
£ C V. Namely, for each inductive step of constructing of a chain homotopy s : 
A — > C between two multiplicative maps /, g : A — > C in question we can choose s 
on £ 1 '* satisfying formula (|2.14j) . □ 

The basic examples of a filtered Hirsch algebra are provided by the following 
theorem - the main result of the paper about Hirsch algebras. 

Theorem 1. Let H be a cga and p : (RH,d) — > H its Hirsch resolution. Suppose 
that for a Hirsch algebra A there is an isomorphism Ia '■ H ~ H{A, d). Then 

Existence. There is a pair (h, f) where h : RH — > RH is a perturbation of the 
resolution differential d on RH and 

f : (RH, d + h) -> A 

is a filtered Hirsch model of A such that (/| )* = %ap\ 0h ■ R°H — > H(A). 

Uniqueness. If there is another pair (h, /), / : (RH, d + h) — » A, with the above 
properties, then there is an isomorphism of filtered Hirsch models 

C : (RH, d + h) (RH, d + h) 

such that C has the form ( = Id + C + ■ • • + ( r + ■ ■ • , C r : R^ s H f -> R~ s+r H t ~ r , 
and f is homotopic to f o £. 

Proof. Existence. Let RH — T(V) with V = £ © U. We define a perturbation h 
and a Hirsch algebra map / : (RH, d + h) — > (A, d) by induction on resolution 
(column) grading (compare [10], [21]). Since R°H is a free algebra, define a dga 
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map f° : R°H -► (A, d) with (/")* = up| a o H ■ R°H Then there is 

ji . y-i,* with jO d = in p art icular, choose f 1 on S- 1 * (= to 

be defined by the formula f 1 (a 6) = /°a — 1 f°b, a, 6 € U '*. Then extend 
the map f + J 1 from t^- 1 )-* = S~^* © t/- 1 '* U '* to obtain a dga map /W : 
(R(-^H,d) -> (A,d). 

Assume by induction that we have constructed a pair (h {n \f {n ^) satisfying the 
following conditions: 

(1) = h 2 H h ft n is a derivation on RH, 

(2) Equality (J2HJ) holds on R^H for d + /i (n) in which 

p 

h r E p>q (ai, ...,a p ;bi, ...,&,) = ^(-l)^- 1 E p>q (ai, ... 1 h r a. l , ...,a q ;bi, ...,b q ) 

i=i 

+ ^(-l) £ ?+4-i£; M (a l! ...,ap;6i ! ...,/i r 6j,...,6 g ), 2 < r < n, 

(3) dh n +h n d+j: l+j=n+1 wv - = o, 

(4) /W|v(-n) 1 .=(/°+- + /")| V (-» ) .., 

(5) /(") : R ( - n lH -> A is a dga map, 

(6) f {n \d + h^) = dfW on R^H, 

(7) is compatible with the maps on £ (-")>*. 
Next consider 

+ / l (»))| y _„_ 1 ,, : _> A*-"^ 1 . 

Clearly df^id + h^) = 0. Define a linear map h n+1 : U~ n ~ 1 '* -> R°H*- n with 
= ^[/^(d + & (n) )]- Then extend h n+1 on as a derivation (denoting 
by the same symbol) with 

dh n+i + h n+i d + Hlh? = 

i+j=n+2 

and 

p 

h n+1 E Pt q(ai, ...,a p ;bi, ...,b q ) = ^(-l)^- 1 E p . q (a 1 , ...,h n+1 a u ...,a q ;bi, ...,b q ) 

i=l 

+ E^ 1 )'^^ 1 ^^!, a p ;h, b q ). 

3 = 1 

Hence, there is f n+1 : y-™" 1 '* -> A*~ n_1 with 

/ (n) (d + /i (n+1) ) = 

Extend the restriction of + f n+1 to y^"" 1 )-* to obtain a multiplicative map 

yr(n+l) . R (-n-D H ^ ^ 

being compatible with E p , q on Thus, we get the pair {h^ n+1 \ that 

finishes the inductive step. Finally, a perturbation h and a Hirsch algebra map / 
defined by h = h 2 + ■■■ + h n + ■■■ and f\ v = (f° + ■•• + /" + ••■ )\v respectively 
are as desired. 

Uniqueness. Using Proposition [3] we find a multialgebra morphism 
C : {RH,d + h) -> {RH,d + h), 
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C = C° + C 1 + ' ' ' j with /o£ ~ /. It is easy, in addition, to choose £ with (° = Id. □ 

Given a qha A (e.g. A = C*(X;k)) in the above theorem, we can refine the 
perturbation h as follows. Consider a decomposition of the submodule T C U as 

r = r 2 ©r', 

where T2 consists of the iteration of the U2-product evaluated on different variables. 

Proposition 4. Suppose that A is a qha in the hypotheses of Theorem^ Then in 
the filtered Hirsch model f : (RH, d + h) — > A : 

(i) The perturbation h can be chosen with h(a U2 b) — ha U2 b + (— l)' a 'a U2 hb 
and h tr \r 2 — for a,b G V \ £ , a ^ b. 

(ii) If, in addition, H is evenly graded, the perturbation h can be chosen with 
h tr \r = 0; 

Proof, (i) By the inductive construction of a pair (h, f ) in the proof of Theorem [T] 
we can define / on T~2 by the formula f(a U2 b) — fa ^2 fb which guarantees a 
choice of the perturbation h as required. 

(ii) Follows from the obvious fact that obstructions to annihilation of h tr on T 
lay in the odd degrees of H* . □ 

Note that in the proof of Theorem [T] the perturbation h can be also chosen with 

hq(a; b) = q(ha; b) + (-l) |a| g(a; hb), 

where q(a; b) is the parameter for a U2 b in (|2.2|l with respect to the resolution 
differential d, then regarding dh = d + h, the product a U 2 b again satisfies (|2.2|) 
and (|2.2[h . but this time involving the parameter q h (a; b) = q(a; b) + h tr (aL>2 b). In 
the case of a qha A item (|2.2|) ? is also satisfied in the filtered model of A, so that 
(RH,dh) admits a qha structure, too (compare Example [4] below) . 

Remark also that we can not achieve / to be a qha map in Proposition [4] in 
general. The matter is that there appears an obstruction to compatibility of pa- 
rameters ?(—;—) under /, since a non-free action of the operation Sq± on H for 
k = Z 2 . 

Example 4. It is known that the Hochschild cochain complex C*(B;B) of an 
associative algebra B has an hga structure (see |26j for references), a particular 
case of Hirsch algebra. View the Hochschild cohomology H = HC m (B; B) as a 
cga and apply Theorem [7] for A — C'(B;B) to obtain the filtered Hirsch model 
f : {RH, d + h) -> C'{B; B). Given a,b £ V '*, we have that h 2 (a U 2 b) = pa* pb, 
the product by the G-algebra multiplication on the Hochschild cohomology H. In 
other words, the non-triviality of the G-algebra structure on H implies the non- 
triviality of perturbation h 2 restricted to the submodule T C V. Consequently, the 
operation aU2 b with q(a, b) satisfying item §2.2^ 9 does not exist on a filtered Hirsch 
model of C°{B;B) in general. 




Figure 2. A fragment of the filtered Hirsch Z-algebra obtained as a perturbed 
resolution (RH, d + h) of a cga H. 



3. Some examples and applications 

As it is already mentioned in the introduction certain applications of the above 
material are given in [23], [24]. Here we consider the following. 

3.1. Symmetric Massey products. Given a sequence of relations in (minimal) 
Hirsch resolution (RH, d) of the following form 

(3.1) dui = cLidi+i + Xvi, a,i, Ui, Vi S V, A G k, 1 < i < n, 

there are corresponding generators it ail ,..., 0i € V, 3 < k < n, appearing by those 
syzygies that mimic the definition of /c-fold Massey products arising from fc-tuplcs 
(at 1 , ■■■,di k ) [18] . In particular, for G F '* U I^ -1 '*, we have that u ai> ,,, >an & V is 
defined by 

rf«ai,...,a„ = ^ ( _1 ) E '' i «l,.,a,«a, + i,-,«r, + Mn,...,a„, £< = |oxH h|a 4 |+l, 

0<i<n 

dv ai ,...,a n = (— 1) ' u ai,...,ai,ida i + i,ai + 2,...,a„: 

0<i<n 

where it a; and u ai ^ ai+1 denote a, and — (— l)' ai 'uj respectively. 

We are interested in a special case of fl3.1[) , namely, when ai = • • • = a n . More 
precisely, let A be a Hirsch algebra over Z. Let a G i? z (A), Z > 2 with a 2 = 0. Then 
we have the corresponding relation 

dx x = -(-l) M x 2 

in (RH,d) where x G V '', px = a and G V~ 1,2 '. 
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The above relation generates the following sequence of relations in (RH, d) with 
x n 6 : 

(3.2) dx n = ~(-l) lXil XiXj, n>l. 

i-\-j=n— 1 

Furthermore, the generators x n take part in the following family of relations in- 
volving elements b k ,i £ y~( k + t )^ r ( k + t ) with k,£ > 1. Denote ir n ) = i\ + ■ ■ ■ + i n + n. 
Then for |xo| odd, 

(3.3) db kA = {-l) k+i ^ + Ax k+t ^ 

+ ^ ] (— 1) + +p+q E Pt g(xi 1 , Xi p ; Xj 1 , Xj 5 ) 

51 (-l) r+m ((-l) s + t £ Si( (x il) .., a ; j) ; ; i ;iu .., a;jt )b fe _ ri |_ ra 



0<r<fc,0<m<^ 

i(a)=r, j(t)=m 



r + m 
m 



b k — r,^— mXr-\-m — 1 



in which the first equalities are: 



dbi,i = 2xi + x x , 

db 2 ,i = -3x 2 + ^^(xojXo; x ) - x\ 'i x - x bi,i + f>i,iXo, 
rfbi,2 = -3x 2 + £i,2(xo; x , x ) - x 'i xi - xob\,\ + bi.ixo- 

And for |xo| even, 
(3.4) db M = (-l) fe+ %c, £ x fc+ ^_i 

+ E (-i) fc+£+p+9 ^, 9 (^,. 

i( P )=k,3 M =e 

~T"( 1) ^ ^r,m^Js- r,^ — m^V+m— 1^ ? 



0<T-<fc,0<m<£ 



{( (l j/2 /2 )' i,j are even, 

((W- 1 )/ 2 ), i is odd, j is even, 

0, i, j are odd, 

in which the first equalities are: 

db lt i = x i x Q (i.e., b M = x U 2 x ), 

db 2 ,i = -x 2 + E 2 ,i(x , x ; x ) - xi x - x b M - bi^xo, 

dbi j2 = -x 2 + £1,2(3:0; a^o, %o) ~ xo —1 x\ + x b M + b M x . 

Of course, for the sake of minimality one can choose only some b k ,£ above. For 
example, for |xo| even, choose X2 = £1,2(^0; Xg, xo) — xo ^1 xi+xo(xoU2Xo) + (xoU2 
Xq)xq in (|3.2[) and then put f>i,a = to eliminate the last relation. Furthermore, 
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given n > 1, denote b„ = bi,„ and set (k,£) — (l,n) in (|3.3j> to obtain 

(3.5) db n = -(-l) n ((n + l)x n - ^(-l)^!,,^;^,..,^)) 

!<<?<« 

+ XI C -1 )* (Mi ~ • 
i+j=n— 1 

Note that for an hga A (e.g. A = C*(X;Z)) the above formula simplifies by 
removing the operations E\ A for all q > 2, as well as formulas (|3.9[) - (|3.10|) below, 
since the second Hirsch formula up to homotopy from Section [2] is the strict one. 

Next recall [18], [17] the definition of the n-fold symmetric Massey product (a) n . 
Note that as in Lemma 9 [17] (a) n contains only a single class of H(A) for a Hirsch 
algebra A, too. 

Now if n > 2 is the first integer such that h tr x n ^ 0, then from (|3.2p and d\ = 
we deduce that h can be chosen in the filtered model (RH, dh) so that hxi = for 
< i < n and hx n = h tr x n (see also Q3.9P below). Consequently, we immediately 
get 

(3.6) [h tr x n ] = (a) n+1 G H*(A). 

We have the following 

Theorem 2. Let A be a Hirsch algebra over k = Z and a G H(A) an element with 
a 2 = 0. If for n > 3 t/ie symmetric Massey product (a) n G H(A) is defined, then it 
has a finite order; consequently, for k a field of characteristic zero, (a) n is defined 
and equals to zero for all n. 

Proof. Given n > 3, let (a) n be defined. From formulas (|3.3|) — (|3.4() and (|3.6|) 
immediately follows that (a) n+1 has a finite order: namely, for |xo| odd, take (fc, £) = 
(l,n) to obtain (n + l)[h tr x n ] = (cf. (|3.5[) ). while for |xo| even, take (k,t) = 
(2, n— 1) to obtain r[/i tr a; n ] = or (r + l)[ft.* r a;„] = for n = 2r or n = 2r+l, r > 1, 
respectively. □ 

3.2. The Kraines formula. Given an odd dimensional element a G H 2m+1 (X; Z p ), 
p is an odd prime, the following formula is established in [TS] (for the dual case see 

my- 

(3.7) (a) p = -m{a) 

in which V x : H 2m+1 (X; Z p ) -> iJ 2m+1 (X; Z p ) is Steenrod's cohomology opera- 
tion and (3 is the Bockstein cohomology homomorphism. We generalize the above 
equality for a qha of the form A ® Z p , where A is a Z-free qha, as follows. Let 
a G J? 2m+1 (A) and a; G A 2m+1 its representative cocycle. Given n > 2, take (the 
right most) n t,l -power of x G A under the /ig product on i?A and then consider its 
component, s~ 1 (x l±ln ) G A, in which x an has the form 

where Q2 = and is expressed in terms of Ei t k for 1 < k < n — 2. For example, 
Q3 = 2Ei,2(x; x, x). We have that dx an is divided by an integer p > 2 if and only 
if p is a prime and n — p l , some i > 1. Consequently, the homomorphism 

Pi : H 2m+1 {A ® Z p ) -» H 2mp+1 (A ® Zp), a -» 
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is well defined. Now let xq G V°' 2,n+1 be as in subsection l3.ll Assume that p is an 
odd prime and denote c 2 = bi, Ck = (k — l)\bk-i + xq -—-i Cfe-i, k > 1, to obtain 
for k = p from (|3 . 5[) a relation of the following form 

(3.8) dc p = —p\x p -i + Xq" + pu p , Up G V. 

For example, 

rfc 3 = d(2b 2 + x bi) = -6x 2 + l3 + 2J5i )2 (aro; x , x ) - 3(x bi - bix ). 

Consider (RH,dh) and the action of the perturbation h on (|3.8|) (see Fig. 2). For 
this it suffices to consider such an action on (|3.2p and (|3.5|) . Given n, r > 2 and 
1 < i\ < ... < i r < n, denote 

Wi!,...s r = (—^) r h tr Xi 1 Ua ■ • • U2 h tr Xi r and 

b <i — ( 1 \r r 1 I- htr^_ 1 1 ... 1 1 utr„ 



to 



«1, 



(-i) r Cx 4l u 2 /i tJ z i2 u 2 • • • u 2 



where 

C. n = (-l)"^ 1 ^-^ +h tr b il , with ^ G K" 1 '*, ^ = + 1)^; 

thus, to^ i r = if some ij = 1. Note also that just the qha structure on A 
guaranties a choice of h on iU? so that h tr Wi u ...j r = = h tr w^ i (compare 
Proposition^ for example, for A to be the singular chains of a second loop space the 
elements h^w^" i may be non-trivial and are related with the Browder operation 
(compare [17]); details are left to the interested reader). Then we can choose h to 
be defined for x n and b n by 

(3.9) hx n = h tr x n + 53 (-l) q E hq (h tr x l ;x jl ,...,x jq ) 



l<q<n 



53 (-iJ'^K,...*; 1 ]!.-,^,)- X "' > 



i (r)+j(,)=™+ i 

5>1 



and 

(3.10) hb n = Cx n + {-^) q Ei, q {Cx tl \x n ,...,x Jq ) - {-iTxo^hx^r 



l<g<n 



«>1 

+ 51 (— l)*(ftbj-^iafi - bj-^ihxi). 

i-\-j=n— 1 

In particular, /ib2 = h 2 b2 + h 3 b2 = £e 2 +/^ 3 b2 + ^ 2 bi ^1 £q. Furthermore, consider 

/i% = (p - 2)! ((p - 1)^., + ft'-^p-a -1 10) + fc p_1 fip- 2 -1 ar ) ■ 

Then (/i/i)(b„)|/jo ff . = and d\ = imply the following equality in R°H* : 

(3.11) dfc% = plh tr x p ^ -p{p- 2)(x {h tr b p - 2 ) + (h tr bp. 2 )x ) . 

From flnUDD follows that (fc + \)[h tr x k ] = mod p for 2 < k < p - 2. Consequently, 
[/i tr x p _i] = (a) p mod p. On the other hand, from p. 8ft and (|3.10[) we get [^ p _ 1 ] = 
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■pi(a) mod p. Finally, since (p— 1)! = —1 mod p and [xo{h tr b p -2) + (h tr b p -2)xo] = 
E H(A), we obtain from pTTTI) formula IpTTj) this time in H(A ® Z p ). 

Note that the case of a e <8> Z p ) in (|3.7p corresponding to dx = py, some y, 
in A is analogous (see also the following example). 

When p — 2 the relation d(xo xo) = — 2xq implies the Adem relation 
Sqo(a) = Sq 1 Sqi(a) in H(A®Z2) thought of as the "Kraines formula" a 2 = (a) = 
/3Sqi(a). 

Denote Vk — s _1 (14 >0 ) an( i define the differential du on 14 by the excerption 
of d + h on VI to obtain the cochain complex (Vt,dh)- There are isomorphisms [5] 
(recall also Example [T]) 

H*{V t ,d h ) n H*(BC*{X;k),d Ba ) n H*({lX;k). 

Example 5. Let we are given a single relation 

(3.12) da = Xb, a e V^ 1,2fc+1 ,6 G v°' 2k+1 , A > 2, fc > 1. 

T/ien we deduce from it the following relations in (RH, d) . First, 



(3.13) dc= 



ah + 'i 6, A is even 
2a6 + Xb -—^i 6, A is odd. 

Let A 6e odd, and denote 

u 2b ,b = 2ab+{\ - 1)6 — i 6(= 26 x ; c/. (Ij§), u 2a ,& = -c, u b , 2a = c - 2a — i 6 

to obtain 

du a ,a = -a 2 + A(c - a 6), 
du a ,26,6 = -au 2 b,b - u a ,2bb + \v a ,2b,b 

(3.14) = -2a 2 6 - (A - l)o(6 — i 6) + c6 + Au 6 , 2 &,&, 
dub,2a,b = bu 2a ,b - Ub,2ab + Xv bt2a , b = be - (c - 2a — i 6)6 + \ub,2b,b, 

du a ,2a,b = -au 2a ,b + U 2a ,ab + A(u fc , 2 a,6 ~ «a,2&,&), 

w/iere — u&^a.ft = v a ^b,b = "6,26,6 = 2u&,i,,& = 26 2 (recoH iftai u^f, = 6 2y ). T/ien m 
£/ie filtered model (RH,dh) we establish the following action of the perturbation h 
on the above relations: 

dh 2 u a . a = Xh 2 c, 
dh 2 u a ,2b,b = h 2 c ■ b + A/i 2 u h ,26,6, 
dh 2 u bt 2a,b = -b ■ h 2 c - h 2 c ■ b + Xh 2 Ub,2b,b, 
dh 2 u a ^a,b = a ■ h 2 c + 2h 2 u a . a ■ b + Xh 2 (u b ^ a , b - u a ,2b,b), 

dh 3 U a ,2a,b = h 3 U 2a .a ' 6 + Xh 3 (u b ,2a, b ~ U a ,2b,b) + h 2 h 2 U a . 2a ,b, 

and, in particular, 

d (/i 2 w&,2a,& - b —i h 2 c) = -Xh 2 u b ^ b , b = -2Xh 2 b 2 . 
Now let A = 3, and compare the last equality with h3.ll)) for p = 3 to deduce that 

(3.15) h 2 u bt2a , b - b -—i h 2 c = 2£b 2 . 

Furthermore, from kS.lty) follows that [h 2 c] = 2 [a] [6], and if one has in H* (A^Z^) 

(3.16) [<#]=0 and [h 3 u b , 2 a, b ] = 0, 

then from h3.15}) together with the third equality of {3.1^ immediately follows that 
[£ b2 ]=aeH(V®Z 3 ,d h ), i.e., V 1 {b)=0eH(V®Z 3 ,d h ). 
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For example, for A = C*{BFi) Z3), the cochain complex of the classifying space 
BFi of the exceptional group Fa, equalities \3. 1 6\) hold in H^BF^;^). More pre- 
cisely, in the notations of [25] some multiplicative generators xt of B l {BF^; r L^) 
and some relations among them are: X4, xg, xg, X2o, X21, X25, %26 with x^xg = = 
X4X2i,6x& = Xg,dx25 = X2e- The knowledge both of H (B F4; and H^F^Z^) to- 
gether with a simple dimension argument enables us to deduce in the filtered Hirsch 
model of BF4 the following: In our notations [a] = x%, [b] = Xg, 'Pi [6] = [£& 2 ] = X25 
and (b) 3 = [h 2 b2] = £26- And the relations V 3 (xg) — x<x\ and V 1 (x2i) — X25 es- 
tablished in [25] too, together with 6x25 = £26 can be combined into the Kraines 
formula: 

X26 = -/3Vl(xg). 

Finally remark that this formula becomes to be trivial under the loop suspension 
map a : H*(X;Z 3 ) — ► if* (OX; Z3), since a general fact about Massey products 
[ig, [19] (compare Vi(ia) for i 3 € H 3 (K{Z 3 ;3);Z 3 ). 
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